ALGEBRAIC INTEGRABILITY OF FRW-SCALAR COSMOLOGIES 
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For dynamical systems of dimension three or more the question of integrability or 
nonintcgrability is extended by the possibility of chaotic behaviour in the general 
solution. We determine the integrability of isotropic cosmological models in general 
relativity and string theory with a variety of matter terms, by a performance of 
the Painleve analysis in an effort to examine whether or not there exists a Laurent 
expansion of the solution about a movable pole which contains the number of 
arbitrary constants necessary for a general solution. 

The question of integrability in the context of cosmological dynamical systems 
is intimately linked with their asymptotic states for small or large times and is 
obviously connected with the nature of the singularities present in homogeneous 
cosmologies. This question cannot be fully addressed via special exact solutions 
since they are not easily matched to characterize generic features of the models. 
Qualitative methods, on the other hand, may serve such a purpose and the so-called 
Painleve analysis is one such approach for testing integrability in an algebraic sense. 

In this Research Announcement, a start is made of the Painleve analysis of 
different cosmologies that arise in general relativity and string theory, in an effort 
to shed light to the question of whether or not integrability is a generic property 
characterizing cosmological dynamics (for the first results in this connection seeu). 

f . The two-fluid FRW model in general relativity is described by the system, 

51 = — | (b — x) cos 251 cos 51 

X= (l-X 2 )sinSl, (1) 

where the so-called compactified density parameter, 51 £ [— ^ir, ^tt], the transition 
variable \ £ [ — 1 , 1] describes which fluid is dominant dynamically and b > — f . The 
system (|f|) is not in a suitable form for the application of the Painleve analysis, but 
in the new variables x — Xi V — sm ^> we can tranform the system to the form, 

x = [l-x 2 )y 

y = -±(b-x)(l-2y 2 )(l-y 2 ). (2) 

In the expansions we have obtained, only one has the required number of arbitrary 
constants and we cannot conclude that the system (Q) is integrable in the sense of 
Painleve. However, it is possible to obtain a first integral of the original system (Q) 
and reduce the solution to a rather complicated quadrature. In fact, the system 
is Hamiltonian so that the existence of the first integral immediately guarantees 
integrability in the sense of Liouvillc. 
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2. The flat one- fluid FRW space-time with a scalar field with an exponential 
potential in general relativityo which reduces to a two-dimensional system is inte- 
grable in the sense of Painleve. 

3. General relativistic one- fluid FRW models with n scalar fields fa, i = 1, . . . , n 
with exponential potentials^ expressed as three-dimensional systems prove to be 
integrable. 

4. The four dimensional flat string FRW model with negative central charge 
deficit described in the compactifying variables (£, 77) by a two dimensional systemB 
passes the "weak" Painleve test and so is integrable in the sense of Painleve. 

5. The ten-dimensional flat string FRW model in the RR sector and with 
positive cosmological constant described by a three-dimensional systemcl passes the 
Painleve test and so is integrable in the sense of Painleve. 

Among the models discussed in this Note, the two-fluid FRW model in general 
relativity presents the most interesting dynamical behaviour since it possesses the 
interesting property of the so-called singular envelopes, first discussed by Ince and 
rediscovered in a different context iro. That is, although the general solution is 
unknown, any possible nonintegrable or even chaotic behaviour may be confined to 
that region of phase space enveloped by the peculiar solutions. All other models are 
either strictly integrable in the sense of possessing the strong Painleve property or 
have branch point singularities indicating weak integrability in the sense of Painleve. 

An interesting question is whether integrability in the case of scalar field models 
is maintained when one considers more general potentials. This is known not to be 
the case even for a general FRW model with a scalar field that has a simple quadratic 
potential. One would like to be able to relate the integrability properties of different 
cosmological spacetimes in the context of different gravity theories and matter fields 
in an effort to understand the significance of exceptional non-integrable cases as 
opposed to generic, integrable ones in the simple frame of isotropic models before 
one moves on to the more difficult homogeneous but anisotropic case. Problems in 
this direction are currently under investigation and results will be given elsewhere. 
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